Casimir entropy is an important aspect of casimir effect. In this paper, we employ the path integral method to obtain a general relation for casimir entropy and internal energy of arbitrary shaped objects in the presence of two, three and four dimension scalar fields and the electromagnetic field. We obtain the casimir entropy and internal energy of two nano ribbons immersed in the scalar field and two nanospheres immersed in the scalar field and the electromagnetic field. The casimir entropy of two nanospheres immersed in the electromagnetic field behaves differently in small interval of temperature variations.
I. INTRODUCTION
Since the zero point energy of vacuum fluctuations plays a very important role in the theory of quantized fields, it has been introduced into various branches of physics [1] .
The casimir effect occurs due to the boundary conditions of medium surfaces imposed on the fluctuating field. In the other words, the casimir energy refers to the difference between the energy of the fluctuating field when objects are presence and when the objects are removed to infinity [2, 3] , therefore, the casimir entropy has been extensively studied [4] [5] [6] [7] .
Recently, a group of scientists presented a multi-scattering formalism to study fluctuating fields and casimir effects [8] [9] [10] . They used multi-scattering formalism for bodies when they were weakly coupled to the quantum fields [11] [12] [13] .
In 2012, we used path integral techniques to calculate the casimir force of arbitrary shaped objects immersed in a fluctuating field. It was shown that, in the first order approximation in our method might, the casimir energy be equivalent to weak coupling limit in the multiplescattering formalism [14] .
Recently, scientists have found that the intervals of negative entropy also occur for some geometries [4, 5, [15] [16] [17] [18] . Since the specific heat of system is proportional to the variation of the system entropy, where coupling between system and reservoir can be negligible, [5, 17, 19] , the specific heat of system is defined by the difference between the specific heat of the system as well as reservoir and specific heat of the reservoir. Therefore, in cases where two parallel plates [15] and a sphere beside a plate are analysed according to Drude model [16] , casimir entropy becomes negative.
In this paper, we investigate casimir entropy, using the path integral methods for arbitrary shaped objects which are immersed in a massless scalar field and an electromagnetic field [14] . First, we obtain a general relation for casimir entropy and internal energy of the system. Then, we apply this procedure to objects immersed in (1+1)D, (2+1)D, (3+1)D scalar fields, and the electromagnetic field. This paper is organized as follows: in section II, we briefly describe the free energy and entropy based on path integral methods; in section III, we calculate them for 1+1 Dimension, 2+1 Dimension and 3+1 Dimension space-time in the scalar field; Finally in section IV, we obtain free energy and entropy in the electromagnetic field.
II. FREE ENERGY AND ENTROPY
The casimir free energy of a system in a quantum field theory at finite temperature in general form becomes as follows [appendix A]
where, G(iν l ; x, x ) is total Green's function of interacting system which defines
whereχ(ω, x) is the susceptibility function of the medium with frequency variable and
is Green's function of the medium. In terms of the susceptibility function, the expansion of free energy is achieved by
in which G 0 (iν, x − x ) is green's function of the system without reservoir.
The casimir entropy is obtained from the casimir free energy, using thermodynamic relation
According to the Eqs. (1) and (4), in terms of total Green's function, casimir entropy of the system is
According to above relation, in terms of free energy, entropy can be rewritten in the following
and internal energy of the system becomes
III. EXAMPLES
A. 1+1 Dimension
In this part, we obtain the force induced, casimir entropy, and internal energy of the system which consist of two one-dimension objects with susceptibilities χ 1 (ω) and χ 2 (ω) in the presence of fluctuating massless scalar field. In this case, the fluctuating field is defined in
). The Green's function of the system and reservoir are given by
and
respectively. Using Eqs. (3) and (8), the free energy of 1+1D in the first approximation
where
We assume that susceptibility is position independent. The matter distribution is homogeneous in Ω 1 and Ω 2 intervals, so the dielectric function is defined by
The free energy at finite temperature is given by
which consists of self energies and interaction energies. By defining
the free energy is obtained in terms of distances
According to Eq. (4), the entropy of the system becomes
where γ = The force induced resulting from the fluctuating massless scalar field on two objects is given by
Using Eq. (7), we obtain internal energy of the system
B.
2+1 dimension space-time
The behavior of two objects in the presence of the fluctuating massless scalar field, which is defined in 1+2 dimensional space-time, is investigated. Therefore, the green's function of the system becomes
in which K 0 (iω|x − x |) is the modified Bessel function of the second kind. Given Eq.(3), in the first approximation, the free energy is obtained by
where self energies are ignored. In objects whose susceptibilities are frequency independent, the casimir entropy of the system becomes
Using the asymptotic expansion, we have
and the internal energy of the system is given by
C. 3+1-dimensional space-time
In this section, we restrict ourselves to (3 + 1)-dimensional space-time (x = (x, t) ∈ R 3+1 ).
In this case, the Green's function of the system becomes
and the free energy in the first approximation is given by
When susceptibilities are independent of frequency, we have
The system's internal energy is achieved by
and the casimir entropy is given by
In the lower temperature, we can use the expansion form of the previous relation to obtain
We consider two spheres, with radius a and b. The distance between their centers is R > a+b.
The susceptibilities of the spheres are χ 1 (x) = χ 1 δ(r − a) and χ 2 (x) = χ 2 δ(r − b), where r and r are radial coordinates in spherical coordinate systems, and R lies along the z axis of both coordinate systems. The distance between points on the spheres is
cos γ = cos θ cos θ + sin θ sin θ cos(φ − φ ).
According to Eq.(29), we have
By using
where P −1 = 1,
where,â = a R andb = b R and
and the casimir entropy of this system is obtained by
The casimir entropy becomes positive in all temperatures.
We use the previous approach in the previous section to find the partition function in terms of the susceptibility of the medium as follows
where the free Green's function of the electromagnetic field is G 0 ij (x − x , iν l ) . We introduce r = x − x and find
We calculate the interaction energy, casimir entropy, and internal energy of a system which are composed of two dielectrics with volumes V 1 and V 2 and susceptibilities χ 1 and χ 2 , respectively. The first relevant nonzero term corresponds to n = 2, which is given by
Substituting the Green's function (37) for (38), we find
where we define
Whenever the susceptibilities are independent of frequency, we do the summation over l and use the expansion of exponential term as follows
(41) Therefore, the internal energy of the system is obtained by
The casimir entropy of the system is given by
For two spheres of radii a and b, the distance between their centers R > a + b, with susceptibilities χ 1 = χ 1 δ(r − a) and χ 2 = χ 2 δ(r − a) , where r and r are radial coordinates in spherical coordinate systems, Casimir entropy in natural unit becomes
Casimir entropy of the system related to temperature is shown in fig.4 , in which entropy becomes negative in small interval of temperature variations.
V. CONCLUSION
In this paper, casimir entropy and internal energy of arbitrary shaped objects immersed in the fluctuating massless scalar field and the electromagnetic field are calculated by path integral methodes. The casimir entropy of the objects which are immersed in the massless scalar field in all temperatures becomes positive. However, the value of entropy observed in small interval of temperature variations of two nanospheres in the presence of electromagnetic field is negative. The result is in agreement with multiple scattering methods.
VI. APPENDICES
A.
Massless Scalar Field
The Lagrangian of total system consists of a massless scalar field in N +1-dimensional spacetime (x = (x, t) ∈ R N +1 ). Lagrangian of the scalar field, medium and interaction between scalar field and medium, respectively, are given by
where f (ω, x) is the coupling of the scalar field with its medium. When we have the total Lagrangian, we can quantize the total system using path-integral techniques . Generating functional is an important quantity in any field theory with n-point correlation functions, which is obtained by taking successive functional derivatives. Here, two-point correlation functions in terms of the susceptibility of the medium is calculated [20, 21] . The interacting generating-function becomes
The two-point function can be obtained as
Using Eq.(48), we find the following expansion of Green's function in frequency variable
in whichχ(ω, x) is the susceptibility function of the medium in frequency variable. The partition function of a real scalar field in the presence of a medium becomes
where L is given by Eq.(45). The partition function can also be written in frequency [22] .
Free energy is given in E = − τ ln Ξ, where τ is the interaction duration which becomes quite large.
Using standard path-integral techniques, we find the free energy at finite temperature T
where ν l = 2πlk B T / are Matsubara frequencies, k B is Boltzman constant, andK(ν l ; x, x ) = G −1 (iν l ; x, x ). Therefore, we have
Electromagnetic field
The casimir energy of the medium in the presence of electromagnetic is obtained from twopoint Green's function. For this purpose, the total Lagrangian density can be written in coulomb gauge ∇ · A = 0, A 0 = 0, as follows
The interacting generating functional is given by
where the kernelK ij is defined bŷ
Using the well known relation
and following the same process that we did for the scalar case, we obtain the following expansion for Green's function
